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Abstract 

We establish an inclusion relation between two uniform models of random 
A:-graphs (for constant A: > 2) on n labeled vertices: G^^\n,m), the random 
/c-graph with m edges, and the random d-regular A:-graph. We show 

that if nlogn <C m <C we can choose d = d{n) ~ km/n and couple 
and M.^^\n,d) so that the latter contains the former with proba¬ 
bility tending to one as n —)• oo. This extends an earlier result of Kim and Vu 
about “sandwiching random graphs”. In view of known threshold theorems on 
the existence of different types of Hamilton cycles in G^^\n, m), our result al¬ 
lows us to find conditions under which d) is Hamiltonian. In particular, 

for /c > 3 we conclude that if <C d <C , then a.a.s. d) contains 

a tight Hamilton cycle. 
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1 Introduction 


1.1 Background 

A k-uniform hypergraph (or k-graph for short) on a vertex set V = [n] = {1,... ,n} 
is an ordered pair G = {V, E) where E is a family of fc-element snbsets of V. The 
degree of a vertex n in G is dehned as 

degG>(n) := I {e G -E : n G e} |. 

A fc-graph is d-regular if the degree of every vertex is d. Let (n, d) be the family 
of all d-regular fc-graphs on V. Throughout, we tacitly assume that k divides nd. 
By d) we denote the d-regular random k-graph which is chosen uniformly at 

random from 7l^^\n,d). 

Let us recall two more standard models of random fc-graphs on n vertices. For 
p G [0,1], the binomial random k-graph G^^l{n,p) is obtained by including each of 
the (2) possible edges with probability p, independently of others. Further, for an 
integer m G [0, (”)], the uniform random k-graph is chosen uniformly at 

random among all fc-graphs on V with precisely m edges. 

We study the behavior of these random fc-graphs as n —)■ oo. Parameters d,m,p 
are treated as functions of n and typically tend to inhnity in case of d, m, or zero, 
in case of p. Given a sequence of events (An), we say that An holds asymptotically 
almost surely (a.a.s.) if P {An) —)■ 1, as n —)■ cxd. Also, we write a„ -C bn and bn 3> 
for On = o{bn). 

In 2004, Kim and Vu m proved that if logn d -C / log^ n then there exists 
a coupling (that is, a joint distribution) of the random graphs G*^^^(n,p) and M(^^(n, d) 
with p = ^ (l — O ((logn/d)^/^)) such that 

G^‘^\n,p) a.a.s. (1) 

They pointed out several consequences of this result, emphasizing the ease with which 
one can carry over known properties of (n, p) to the harder to study regular model 
M^^^(n, d). Kim and Vu conjectured that such a coupling is possible for all d 3> logn 
(they also conjectured a reverse embedding which is not of our interest here). In [7] 
we considered a (slightly weaker) extension of Kim and Vu’s result to /c-graphs, k > 3, 
and proved that 

(n, m) C (n, d) a.a.s. (2) 

whenever Glogn < d n^/^ and m ~ end for some absolute large constant C and 
a sufficiently small constant c = c{k) > 0. Although (|^ is stated for the uniform 
/c-graph G*^^^(n, m), it is easy to see that one can replace G^^^(n, m) by G*'*^^(n,p) with 
p = m/(2) (see Section]^. 
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1.2 The Main Result 


In this paper we extend (|^ to larger degrees, assnming only d < cn^~^ for some 
constant c = c{k). Moreover, our result implies that, provided logn -C d we 

can take m ~ nd/k, that is, the embedded fc-graph contains almost all edges of the 
regular fc-graph rather than just a positive fraction, as in [7]. The new result is also 
valid for fc = 2 (for the proof of this case alone, see also [101 Section 10.3]), and thus 
extends ([^. 

Theorem 1. For each k > 2 there is a positive constant C such that if for some real 
7 = 7 (n) and positive integer d = d{n), 

C [{d/n^~^ + (logn)/d)^^^ + 1 /nj < 7 < 1, (3) 

and m = (1 — ^)nd/k is an integer, then there is a joint distribution of 
and d) with 

lim P(G(^)(n,m) cM(^)(n,d)) = 1 . 

n^oo ^ 

Remark. In the assumption of Theorem^ the term 1/n can he omited when 
k <7. Indeed, the ineguality of arithmetic and geometric means implies that 

(d/n^-^ + (logn)/d)^/=^ > {2/n^^-^'^/^f/^ > 1 /n. 

For a given k > 2, a k-graph property is a family of fc-graphs closed under iso¬ 
morphisms. A /c-graph property V is called monotone increasing if it is preserved by 
adding edges (but not necessarily by adding vertices, as the example of, say, perfect 
matching shows). 

Corollary 2. Let V be a monotone increasing property of k-graphs and logn d ^ 

. If for some m < (1 — ^)nd/k, where 7 satisfies 0. G V a.a.s., then 

M*^^^(n, d) eV a.a.s. 

1.3 Comparison with the Proof by Kim and Vu 

Kim and Vu m proved ([^ by analysing a certain algorithm that generates a random 
graph M^, coupling it with M(n, d) so that Myi = M(n, d) a.a.s., and then embedding 
G{n,p) into Ma a.s.s. 

The algorithm can be described concisely as sequentially generated configuration 
model which rejects a chosen edge (with replacement), if it violates the simplicity of 
the graph. Note that the algorithm may run out of admissible edges before it produces 
a d-regular graph. Refining analysis of Steger and Wormald DU, Kim and Vu mi 
proved a coupling of Ma and ]R(n, d) for d ^ log^ n. It is worth mentioning 

that in another paper Kim and Vu [12] proved, for d = with arbitrary e > 0, 

a slightly stronger statement that Ma is asymptotically uniform, that is, 

P(MA = G) = (l + o(l))|7^(n,d)|-l (4) 
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uniformly over all G G TZ{n, d). The last section in [12] reflects some beliefs that this 
result cannot be extended to d larger than Although for the coupling of 

and M(n, d) it is enough to prove weaker uniformity, when Q is allowed to fail for 
o(|7^(u, d)\) graphs, an attempt to extend the approach of Kim and Vu did not seem 
to be very promising. 

Another looming obstacle was the dependence of the proof of asymptotic unifor¬ 
mity in m on an asymptotic formula for \7l{n, d)\ due to McKay and Wormald [T5] . 
which is valid for d ^ The problem of asymptotically enumerating TZ{n, d) had 

been open in the range < d n/logn since 1991 (see (15j). 

In the present paper we avoid both explicit generation of random regular graphs 
and enumeration of regular graphs. Instead we embed G{n,m) directly into M.{n,d). 
For this we show that if M(n, d) is revealed edge by edge (by hrst sampling the graph 
and then exposing its edges in a random order), then the conditional distribution of 
the next edge is nearly uniform over the complement of the current graph (unless we 
are close to the end). 

Still, getting a fair estimate for the conditional distribution of the next edge is as 
hard as enumerating graphs with a given degree sequence. We deal with this issue 
by instead estimating ratios of (conditional) probabilities. This allows us to replace 
asymptotic enumeration by relative enumeration, by which we mean comparison of 
the number of ways to extend two graphs Gi, G 2 (differing just by two edges) to a 
d-regular graph. 

In April 2016, well after the present paper was submitted, Wormald [18] announced 
a proof (as a joint result with Anita Liebenau) of asymptotic enumeration in the 
missing range of d. This makes it more likely that an approach relying on enumeration 
could lead to another proof of our result. However, we have not attempted this. 


For the outline of our proof, see Subsection 1.5 


1.4 Hamilton Cycles in Hypergraphs 

To show a more specihc application of Theorem we consider Hamilton cycles in 
random regular hyper graphs. 

For integers 1 < i < k, dehne an (.-overlapping cycle (or (-cycle, for short) as 
a fc-graph in which, for some cyclic ordering of its vertices, every edge consists of k 
consecutive vertices, and every two consecutive edges (in the natural ordering of the 
edges induced by the ordering of the vertices) share exactly ( vertices. (For ( > k/2 
it implies, of course, that some nonconsecutive edges intersect as well.) A 1-cycle is 
called loose and a (A; — l)-cycle is called tight. A spanning t'-cycle in a fc-graph H is 
called an (-Hamilton cycle. Observe that a necessary condition for the existence of 
an t'-Hamilton cycle is that n is divisible hy k — (. We will assume this divisibility 
condition whenever relevant. 

Let us recall the results on Hamiltonicity of random regular graphs, that is, the 
case k = 2. Asymptotically almost sure Hamiltonicity of M.^^\n,d) was proved 
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by Robinson and Wormald [I6] for fixed d > 3, by Krivelevich, Sndakov, Vn and 
Wormald |T3] for d > logn, and by Cooper, Frieze and Reed |3] for C < d < n/C 
and some large constant C. 

Mnch less is known for random hypergraphs. For the binomial models, the thresh¬ 
olds were fonnd only recently. First, resnlts on loose Hamiltonicity of G^^\n,p) were 
obtained by Frieze j8] (for k = 3), Dudek and Frieze |1] (for k > A and 2{k — l)|n), 
and by Dndek, Frieze, Loh and Speiss [6] (for k > 3 and {k — l)|n). As nsual, the 
asymptotic eqnivalence of the models G^^\n,p) and G^^^(n, m) (see, e.g.. Corollary 
1.16 in [H]) allows us to reformulate the aforementioned results for the random fc-graph 
G‘^^^(n, m). 

Theorem 3 ([HI lH E])- There is a constant C > 0 such that if m > Cnlogn, then 
a.a.s. G^^\n,m) contains a loose Hamilton cycle. Furthermore, for every k > A if 
m 3> nlogn, then a.a.s. G^^\n,m) contains a loose Hamilton cycle. 

From Theorem]^ and the older embedding result ([^, in [7| we concluded that there 
is a constant C > 0 such that if Clogn < d then a.a.s. G*^^^(n, d) contains a 

loose Hamilton cycle. Furthermore, for every fc > 4 if logn ^ d ^ then a.a.s. 
M^*^^(?7,,d) contains a loose Hamilton cycle. 

Thresholds for GHamiltonicity of G*'^^(n, m) in the remaining cases, that is, for 
i > 2, were recently determined by Dudek and Frieze |H] (see also Allen, Bottcher, 
Kohayakawa, and Person m)- 

Theorem 4 (|5]). 

(i) If k > i = 2 and m 3> n‘^, then a.a.s. G^^\n,m) is 2-Hamiltonian. 

(a) For all integers k > i >3, there exists a constant C such that if m> Cn^ then 
a.a.s. G^^\n,m) is i-Hamiltonian. 

In view of Corollary]^ Theoremsandimmediately imply the following result that 
was already anticipated by the authors in [7|. 

Theorem 5. 

(i) There is a constant C > 0 such that if C logn < d < then a.a.s. 

M*'^^(n, d) contains a loose Hamilton cycle. Furthermore, for every k > A there 
is a constant C > 0 such that if logn d < nf~^jC, then a.a.s. M^^^(n, d) 

contains a loose Hamilton cycle. 

(a) For all integers k > i = 2 there is a constant C such that if n d < n^~^/C 
then a.a.s. M.^’^\n,d) contains a 2-Hamilton cycle. 

(Hi) For all integers k > i > 3 there is a constant C such that ifCn^~^ < d < n^~^/C 
then a.a.s. d) contains an i-Hamilton cycle. 

We conjecture that in the cases (ii) and (iii) (but not (i)) the assumed lower bound 
for d is actually a threshold for Hamiltonicity in W^^\n, d), see Section]^ 
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1.5 Structure of the Paper 

In the following section we define a fc-graph process (M(f))t which reveals edges of 
the random d-regular fc-graph one at a time. Then we state a crucial Lemma 
which says, loosely speaking, that unless we are very close to the end of the process, 
the conditional distribution of the {t + l)-th edge is approximately uniform over the 
complement of ]R(f). Based on Lemma we show that a.a.s. m) can be 

embedded in d), by rehning a coupling similar to the one the we used in [7] 

and thus proving Theorem 

In Section we prove auxiliary results needed in the proof of Lemma They 
mainly reflect the phenomenon that a typical trajectory of the d-regular process 
(M(f))i has concentrated local parameters. In particular, concentration of vertex 
degrees is deduced from a Chernoff-type inequality (the only “external” result used 
in the paper), while (one-sided) concentration of common degrees of sets of vertices is 
obtained by an application of the switching technique (a similar application appeared 
in [I3|). 

In Section]^ we prove LemmaFirst we rephrase it as an enumerative problem 
(counting the number of d-regular extensions of a given fc-graph). We prove Lemma 
by estimating the ratio of the numbers of extensions of two fc-graphs which differ just 
in two edges. For this we dehne two random multi-/c-graphs (via the conhguration 
model) and couple them using yet another switching. 


2 Proof of Theorem |T] 

We often drop the superscript in notations like and whenever k is clear from 
the context. 

Let Kn denote the complete fc-graph on vertex set [n]. Recall the standard fc-graph 
process G{t),t = 0,..., (^) which starts with the empty fc-graph G(0) = ([n], 0) and 
at each time step t > 1 adds an edge et drawn from Kn\G{t — l) uniformly at random. 
We treat G(t) as an ordered k-graph (that is, with an ordering of edges) and write 


— (£i,... ,et), 



Of course, the random uniform fc-graph G{n, m) can be obtained from G{m) by 
ignoring the ordering of the edges. 

Our approach is to represent M.{n, d) as an outcome of another /c-graph process 
which, to some extent, behaves similarly to (G(f)) 4 . For this, generate a random 
d-regular fc-graph M(n, d) and choose an ordering (t^i, ..., pm) of its 
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edges uniformly at random. Revealing the edges of M(n, d) in that order one by one, 
we obtain a regular k-graph process 


R{t) = {rji,... ,r]t), t = 0,...,M. 

For every ordered /c-graph G with t edges and every edge e G Kn \G we clearly 
have 

P {et+i = e I G{t) = G) = 

This is not true for R{t), except for the very first step f = 0. However, it turns out 
that for the most of the time, the conditional distribution of the next edge in the 
process M(f) is approximately uniform, which is made precise by the lemma below. 
To formulate it we need some more definitions. 

Given an ordered /c-graph G , let TZcin, d) be the family of extensions of G, that 
is, ordered d-regular /c-graphs the hrst edges of which are equal to G. More precisely, 
setting G = (ei,... ,et), 

TZcin^d) = {H = (/i,... ,/m) : /* = e^,i = 1,...,f, and G VS'^\n,d)}. 

We say that a /c-graph G with t < M edges is admissible, if IZcin, d) 7 ^ 0 or, equiva¬ 
lently, P (M(t) = G) > 0. We dehne, for admissible G, 

Pt+i(e|G) :=P ( 77^+1 = e|M(f) = G), f = 0 , (5) 


Given e G (0,1), we dehne events 

A = |pt+i(e|M(t)) > for every e G iFn \ t = 0,..., M - 1. (6) 

Now we are ready to state the main ingredient of the proof of Theorem 

Lemma 6. Suppose that e = e{n) G (0,1) is such that (1 — e)M is an integer, and 
consider the event 

M := A n ■ ■ ■ n A(i-e)M-i- 

For every k > 2 there is a positive constant G' such that whenever e and d = d{n) 
satisfy 

G' {fd/n^~^ + (logn)/(i)^/^ -|- 1/n) < e < 1 (7) 

then the event A occurs a.a.s. 

From Lemma which is proved in Section we deduce Theorem [T] using a 
coupling similar to the one which was used in [7]. 
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Proof of Theorem\^ Clearly, we can pick e < 7/8 such that (1 — e)M is integer and 
(|^ implies Q with C' being some constant multiple of C. 

Let us hrst outline the proof. We will dehne a /c-graph process W{t) := {ri[,... 

0,..., M such that for every admissible /c-graph G with t < M — 1 edges, 


I*W+i=e|E'(i) = G)=P,+i(e|G), (8) 

In view of (|^, the distribution of ]R'(M) is the same as the one of M(M) and thus we 
can dehne M(n, d) as the fc-graph M'(M) with order of edges ignored. Then we will 
show that a.a.s. G{n,m) can be sampled from the subhypergraph M'((l — e)M) of 
M'(M). 

Now come the details. Set M'(0) to be an empty vector and dehne M'(t) inductively 
(for f = 1, 2,...) as follows. Suppose that fc-graphs Rt = M'(t) and Gt = G(t) have 
been exposed. Draw et+i uniformly at random from Kn \ Gt and, independently, 
generate a Bernoulli random variable with the probability of success 1 — e. If 
event At has occured, that is. 


Pt+i{e\Rt) > 


for every e G \ Rt, 


(9) 


then draw a random edge Ct+i G Kn \ Rt according to the distribution 


F{Ct+i = e\R'{t) = Rt) := 




> 0 , 


where the inequality holds by ([^. Observe also that 


P(Cm = e|M'(t) = i?t) = l, 

e£K„\Rt 


SO Ci+i has a well-dehned distribution. Finally, hx an arbitrary bijection fR^^Ct • 
Rt\Gt ^ Gt \ Rt between the sets of edges and dehne 


{ 0+1, if ^t+i = 1,0+1 £ Kn \ Rt, 

/iJt,Gt(o+i), if it+i = 1,0+1 £ Rt, 

Ct+i, if ^t+i = 0- 


( 10 ) 


If the event At fails, then is sampled directly (without dehning (t+i) according 
to probabilities (|^. Such a dehnition of ensures that 

O {^ 1+1 = 1 } 0+1 £ + 1 ). ( 11 ) 


Further, dehne a random subsequence of edges of G((l — e)M), 


S:= {o:e^ = l,^<(l-e)M}. 




Conditioning on the vector {^i) determines \S\. If 151 > m, we define G{n,m) to have 
the edge set consisting of the hrst m edges of S (note that since the vectors and 
{Si) are independent, these m edges are nniformly distribnted), and if |5| < m, then 
we dehne G(n, m) as a graph with edges {^i,..., £m}- 

Let event A be as in Lemma The crncial thing is that by ( [IT| we have 

A Sc R\M). 

Therefore 

P (G(n, m) C M(n, d)) > P ({|5| > m} fl A). 

Since by Lemmaevent A holds a.a.s., to complete the proof it snffices to show that 
P(|5| < m) ^ 0. 

To this end, note that |5| is a binomial random variable, namely. 


(l-e)M 

|5| = ^ ^i~Bin((l-e)M, 1-e), 

i=l 


with 

E|5|>(l-2e)M and Var|5| = (1 - e)2eM < eM. (12) 

Recall that e < 7/8 and thns m = (1 — 7 )M < (1 — 3e)M. By ( [I^ , Chebyshev’s 
inequality, and the inequality e > C'logn/d, which follows from ([^, we get 

f A/f Ic Ic 

P (151 < m) < P (151 - E|5| < -eM) < —— = —- < — -^ 0. (13) 

^ - VI I II ; - - C'nXogn ^ ’ 

□ 


3 Preparations for the Proof of Lemma 6 


Throughout this section we adopt the assumptions of Lemma that is, (1 — e)M is 
an integer and ([^ holds with a sufficiently large C = C'{k) > 1. In particular. 


e > C'(log?7,/d)", 
e > C'{d/n^-^Y 

for every a > 1/3, and 


(14) 

(15) 


e > C'/n. (16) 

Given a fc-graph G with maximum degree at most d, let us dehne the residual degree 
of a vertex v E V(G) as 


rciv) =d- degG(n). 


9 





We begin our preparations toward the proof of Lemma with a fact which allows 
one to control the residual degrees of the evolving fc-graph M(t) = [rji,... ,rit). For a 
vertex v G [n] and t = 0,..., M, dehne random variables 


Xt{v) = rK(t)(n) = \{i e {t,M]\v erii}\. 

Given an integer t G [0, M], we will use a shorthand 

t 

^ ^ ^ “ M' 

We will usually assume t < (1 — e)M, which implies r > e. 

Claim 7. For every k >2 there is a constant a = a{k) > 0 such that a.a.s. 

Vt < (1 — e)M, Vn G [n], \Xt{v) — rd] < \/ard log n < Td/2 — 1. (17) 

Proof. A crucial observation is that the concentration of the degrees depends solely 
on the random ordering of the edges and not on the structure of the fc-graph M(M). 
If we £x a d-regular /c-graph H and condition M(M) to be a random permutation of 
the edges of H, then Xt{v) is a hypergeometric random variable with expectation 

EXi(n) = ^ = rd. 

Using Theorem 2.10 in [9] together with inequalities (2.5) and (2.6) therein, we get 


P(|W(n) - Td\ >x)< 2exp 


X 


2Td (1 + x/{2>Td)) 


Let a = 3(fc + 2) and x = y/ard logn. Condition (14) with a = 1 and C' > 9a implies 
that 

rd > ed > C'\ogn. (18) 

Therefore 


x/{Td) = \/a logn/(rd) < a log n/{ed) < y/ a/C' < 1/3. 


(19) 


Hence, 


P ^|Xt(n) — Td\ > \/ard log nj < 2 


exp 


■ - log n [> = 2n ^ ^ 


Since we have fewer than nM < choices of t and v, the hrst inequality in ([T^ 
follows by taking the union bound. 

The second inequality in ( pT) ) follows from (19), since 

\/ard log n = x < rd/S < Td/2 — 1, 

where the last inequality holds (for large enough n) by (|I^. □ 
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Recall that TZcin, d) is the family of extensions of G to a d-regular ordered /c-graph. 
For a fc-graph H G 7lG{n,d) dehne the common degree (relative to subhypergraph 
G C //) of an ordered pair (u, v) of vertices as 


co(1h\g{u,v) 


{if G (£\) -.WUueH.WUv &H\G^ 


Note that codH\G{u,v) is not symmetric in u and v. Also, dehne the degree of a pair 
of vertices u,v as 

deg^(M,n) = \{ee H : {u,v} C e}|. 

Claim 8 . Let G be an admissible k-graph with f + 1 < (1 — e)M edges such that 

fG{v) < 2Td Vn G [n]. (20) 


Suppose that Mg is a k-graph chosen uniformly at random from TZcin, d). There are 
constants Go,Gi, and C 2 , depending on k only such that the following holds. 

For each e G Kn \ G, 

P(eeKG)<^. (21) 

Moreover, if i > G := Gird/n, then for every u,v E [n\,u 7 ^ v, 

F {deg^^\Giu,v) > i) ( 22 ) 

Also, if i > G := G 2 Td?/rG~^, then for every u,v E [n\,u 7 ^ v, 

F{codua\G{u,v)>i)<2-^^-^^\ (23) 


Proof. To prove (21), hx e G Kn \ G and dehne families of ordered fc-graphs 


T^ee = {H G 'R-cin, d) : e E H} and = {H E TIg{ji, d) : e ^ H} . 


In order to compare the sizes of T^ee cind dehne an auxiliary bipartite graph 
B between and in which H E TZe^ is connected to H' E whenever H' can 
be obtained from H by the following operation (known as switching in the literature 
dating back to McKay mi)- Let e = Cl = {ui^i... ni,fc} and pick k — 1 more edges 


e* = {ui,!... Vi^k} E H\G, i = 2,...,k 


(with vertices labeled in the increasing order within each edge) so that all k edges are 
disjoint. Replace, for each j = 1,..., fc, the edge Cj by 


fj ■= {K,j ■ ■ ■ Vk,j} 


to obtain H' (see Figure [^. 
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V2,l 



■>’3,1 


Vl,2 


■> 12,2 


^>3,2 




Figure 1: Switching (for k 


3): before (a) and after (b) 


Let f{H) = deg^(iL) be the number of fc-graphs H' G which can be obtained 
from iL, and h{H') = deg^(iL') be the number of fc-graphs H G T^ee from which H' 
can be obtained. Thus, 


|7^, 


ee I 


min f(H) < |£;(B)| < |7J,^| ■ b(H'). 




(24) 


Note that H \ G and H' \G each have tM — 1 edges and, by (20), maximum 
degrees at most 2Td. To estimate f{H), note that because each edge intersects at most 
k ■ 2Td other edges of H\G, the number of ways to choose an unordered {k — l)-tuple 
{e 2 ,..., Cfc} is at least 


k-l 


(k - 1 )! 11 


]^(rM — 1 — ik ■ 2Td) > {jM — k'^ ■ 2Td)^ ^/{k — 1)\. 


(25) 


We have to subtract the {k — l)-tuples which are not allowed since they would create 
a double edge after the switching (by repeating some edge of H which intersects ci). 
Their number is at most kd ■ (2rd)^“^. Thus, 


fiH)> 


{tM - 2k‘^Tdf-^ 


k{2Tf-^d^ 


/ 2k^dY~^ k\{2T)^-^d'^\ 

{k-l)\ [y ~ ~M~) (rM)^-i j 


/ 2k^Y~^ k\{2kf-^d 

{k —1)\ yy n ) 


f 2k^ 

~ {k — 1)! \ n 


(2fc)2^d\ 

) 
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By (15) with a = 1, (16), and sufficiently large C", we have 


2k^ {2kY’^d ^ e{2k^ + {2kf’^) 

+ .k-l ^ Q, 


n 




< 1 / 2 . 


Hence, 


f{H)> 


(tM) 


k-l 


( 26 ) 


2(k-l)\ 

Since G is admissible, either or T^ee is non-empty. If TZe^ is non-empty, then by 


(24) and the fact that the right-hand side of (26) is positive we get that is also 
non-empty. 

In order to bound h{H') from above note that there are at most (2rd)^ ways to 
choose a sequence fi,..., fk & H' \ G such that vi^i G fi and we can reconstruct the 
k — 1 -tuple 62 ,..., Cfc in at most {{k — 1 )!)^“^ ways (by hxing an ordering of vertices 
of /i and permuting vertices in other //s). Therefore h{H') < {{k — 1)!)*^“^ ■ (2r(i)^. 


This, with (24) and (26) implies that 


P (e e Mg) = 



(^ee 

1 ^ 1 


\TZ 

G{n,d)\ 

\TZei\ 


< 


maxH'sTe,^ KH') ^ 2{{k - l)!)''( 2 rd)^ _ Gord 


minHf^Tiee f{H) 


ijM) 


k-l 


n 


k-l 


for some constant Gq = Go{k). This concludes the proof of ( 21 ). 


To prove (22), £x distinct u,v E [n], u < v, and dehne the families 

TZiii) = {H E 7^G(n,d) : deg^\c'(“)> £ = 0,1,.... 

Since G is admissible, 7lG{n,d) is non-empty and thus is nonempty for some 

i > 0. Let Li be the largest such i. From the argument below we will see that 
actually is non-empty for every i = 0 ,..., Li. 

In order to compare sizes of TZi{£) and Tli{£ — 1), £ E [1, L], we dehne the following 
switching which maps a fc-graph H E to a fc-graph H' E lZi{£ — 1). Select 

61 G H\G contributing to deg^\^Q{u, v) and pick k — 1 edges 62 ,..., 6 ^, G H\G so that 
61 ,..., 6 fc are disjoint. Writing 6 * = {vi^i... Vi^k}G = 1,..., fc and, for definiteness, 
labeling vertices inside each 6 j in the increasing order, replace 61 ,..., 6 *, by /i,..., /fc, 
where fj = {vij ... Vkj}, for j = 1,..., /c (as in Figure [^. 

Noting that 61 can be chosen in £ ways, we get a lower bound on f{H) very similar 


to that in (26): 


f{H) > £ {{tM - 2k^Tdf-^l{k - 1)! - fc(2r)''-M^) > 


£{tM) 


fc-i 


2(fc- 1)! ■ 


(27) 


Since this implies /(Ff) > 0, we get that whenever 7li{£),£ > 1, then also Tli{£ — 1) 
is non-empty. Thus, Tli{£) is non-empty for every £ = 0,..., Li, as mentioned above. 
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For the upper bound for h{H') we choose two disjoint edges m. H' \ G containing 
u and n, respectively, and then k — 2 more edges in H' \G not containing u and v 
so that all edges are disjoint. Crudely bounding number of permutations of vertices 
inside each of /i,..., by (fc!)^, we get h{H') < (A;!)^(2r(i)^(rM)^“^. We obtain, for 

minHe7^l(£)/(^) “ 

- In - 2’ 

by assumption i > ii = Gird/n and appropriate choice of constant Gi. Further, 


> ^) = 


l-RiCOI , y- l-RiCOI 


< 


E 


,,,JnrAn,d)\ - 


E n 

i=e+ij=£i+i 




which completes the proof of ( 22 ). 


It remains to show (23). Fix an ordered pair {u,v) of distinct vertices and dehne 
the families 


7l2{i) = {H e TZcin, d) : cod//|G(M, n) = £} , £ = 0 , 1 ,.... 


We compare sizes of 7^.2 (£) and 7^2 — 1) using the following switching. Select two 

distinct edges eo E H and ei E H\G contributing to codiy|G(M,'w), that is, such that 
Co \ {w} = ei \ {n}; pick k — 1 other edges 62 ,..., G H \ G so that ci,..., are 
disjoint. Writing e, = {vi^i... * = 1,..., with v = Ui^, replace ei,..., e^, by 

/i, • • •, fk, where fj = {vij ... Vkj} for j = 1,..., fc (see Figurej^. We estimate f{H) 
by hrst hxing a pair cq, ei in one of i ways. The number of choices of 62 ,..., is 
bounded as in (25). However, we subtract not just at most kd- {2Td)^~^ (fc —l)-tuples 


which may create double edges, but also {k — l)-tuples for which (/i \ {n}) U {u} E H 
which prevents cod(M, v) from being decreased. There are at most d ■ {2Td)’^~^ of such 
[k — l)-tuples. Hence the bound is very similar to (27) and, omiting very similar 
calculations, we get 


fiH)> 


{tM - e ■ 2rd) 


k-l 


[k + l)d ■ {2Td) 


k-l 


> 


i{rM) 


k-l 


2{k - 1 )! ■ 


Writing L 2 for the largest i such that 77-2 (^) is non-empty, we get that 77.2 (^) is 
nonempty for i = 0,..., L 2 , by a similar argument as with the previous switching. 
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Figure 2: Switching (for k = 3): before (a) and after (b) 


Conversely, H can be reconstructed from H' by choosing an edge eo G H' con¬ 
taining u but not containing v and then k disjoint edges fj G H' \ G, each con¬ 
taining exactly one vertex from (cq \ {w}) U {n} and permuting the vertices in¬ 
side /2 \ {'^' 1 , 2 }, ■ ■ ■,/fc \ {' 1 ^ 1 ,fc} in at most {{k — 1)!)*^“^ ways. Therefore b{H') < 
{{k — l)!)*^“^d(2r(i)^. Clearly, for i = £ 2 ,, L 2 , 


\T^2{^)\ ^ m&XH'en2ie-i) KH') 

7^2(£-l)|“ min^eTeaW/(^) 


d{2Tdf ■2{{k-l)\Y 


2^+\{k - l)\fk^-^Td^ 



by the assumption £ > £2 = C 2 'Td^/n^~^ and appropriate choice of constant C 2 . 
Now (23) follows from similar computations to (22). 

This finishes the proof of Claim □ 


Proof of Lemma |6 


In this section we prove the crucial Lemma In view of Claim it suffices to show 
that 

P(r/i+i = e|M(f)=G)>-p^, V e G \ G, (29) 
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for every t < (1 — e)M — 1 and every admissible G such that 

d(r — 5) < rdv) < d{T + 6), v e [n], 


( 30 ) 


where 


r = 1 — t/M and 6 = \/ aT(\ogn)/d. 


In some cases the following simpler bounds (implied by the second inequality in (17)) 
on rdv) will suffice: 


Td/2 + 1 < Taiv) < 2Td, v E [n]. (31) 

Since the average of P {'qt+i = e | M(t) = G) over e E Kn\G is exactly 1/ ((^) — tj, 
there is / G \ G such that 

P(r„+, = /|R(() = G)>-p^. (32) 

Fix any such / and let e E Kn \ G be arbitrary. We write G U / for an ordered 
graph obtained by appending edge / at the end of G. Setting TZf '■= 'TlcvjfiP') d) and 
77e := TZcvjein, d), we have 

P {rjt+i = e I R(t) = G) ^ |77Gue(n,d)| ^ 

P(r7t+i = /|M(t)=G) \nGuf{n,d)\ lUfl' ^ ^ 

To bound this ratio, we need to appeal to the conhguration model for hypergraphs. 
Let MG(n, d) be a random multi-k-graph extension of G to an ordered d-regular multi- 
fc-graph. Namely, MG(n, d) is a sequence of M edges (each of which is a fc-element 
multiset of vertices), the hrst t of which comprise G, while the remaining ones are 
generated by taking a random uniform permutation IT of the multiset 


{l,...,l,...,n,...,n} 


with multiplicities rdv), v E [n], and splitting it into consecutive fc-tuples. 
The number Nq of such permutations is a multinomial coefficient: 


/ k{M-t) \ _ {k{M-t))\ 
\rG{l),...,rG{n)) n^6[„] r’G(i^)!' 


A loop is an edge with at least one repeated vertex. We say that an extension is 
simple, if all it’s edges are distinct and not loops. 

Since each simple extension of G is given by the same number of permutations 
(namely (/c!)^“*), MG(n, d) is uniform over lZG{n, d). That is, MG(n, d), conditioned 
on simplicity, has the same distribution as M.G{n, d). 

Set 


Me = MGue(’^, d) and Mf = MGu/(n, d), 
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for convenience. Noting that GU f has t + 1 edges, we have 


P(M^ G7^/) = 




Ncuf 

and similarly for Mg and TZe- This yields, after a few cancelations, that 

^ ^ UveeXf^Giv) _ P (Me € 7^e) 
l^/l n^e/\e^G(v) P(M/G7^/)■ 

, at least 


( 34 ) 


The ratio of the products in (34) is, by 

k 


T 


T + 5 


> 


1-^ 

T 


, , a log n 

> 1 - 2k\l -^ > 1 

rd 


, / a log n 

2k\l—^ > l-e/2. 


where the last inequality holds by (14) with a = 1/3 and C > v^Tbo^. On the other 
hand, the ratio of probabilities in (34) will be shown in Claim below to be at least 
1 — e/2. Consequently, the entire ratio in (34), and thus in ( [M| , will be at least 1 — e, 
which, in view of (32), will imply (p^ and yield the lemma. 


Hence, to complete the proof of Lemma it remains to show that the probabilities 
of simplicity P (Mg G TZe) are asymptotically the same for all e G Kn \ G. Recall that 
for every edge e G Kn \ G we write 


= MGue(n, d) and Tie = TZcvjein, d). 


(35) 


Claim 9. If G, e, and f are as above, then, for every e G Kn \ G, 

p(M, £7e,) > , _ 

P(M^eK,) - ' ■ 

Proof. We start by constructing a coupling of Mg and Mj in which they differ in at 
most fc + 1 edges (counting in the replacement of / by e at the {t + l)-th position). 

Let / = {ui,... ,Uk} and e = {ui,... ,Vk}. Further, let s = A; — |/ fl e| and 
suppose without loss of generality that {ui,... ,Ms} fl {ui,... ,ns} = 0. Let H/ be 
a random permutation underlying the multi-fc-graph M/. Note that Uf differs from 
any permutation Hg underlying Mg by having the multiplicities of vi,... ,Vs greater 
by one, and the multiplicities of Ui ,...,«« smaller by one than the corresponding 
multiplicities in Hg. 

Let n* be obtained from H/ by replacing, for each i = 1,..., s, a copy of Vi selected 
uniformly at random by m*. Dehne M* by chopping H* into consecutive fc-tuples and 
appending them to G U e (see Figure]^. 

It is easy to see that H* is uniform over all permutations of the multiset 
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G 


f 


MI j- 


*** *** *** *** U1U2U3 * *V2 


* * * ^ 3 * * 


MIe *** *** *** *** V1V2V3 * *U2 *Ui* * * * M3* * 

G e 

Figure 3: Obtaining MIe from MIj for fc = s = 3 by altering the underlying permuta¬ 
tion. 



Figure 4: Obtaining MIe from MIj for k = s = 2: only relevant edges are displayed; 
the ones belonging to MIj \ (G U /) are shown as solid lines. 


with multiplicities rGue{v),v G [n]. This means that MI* has the same distribution as 
MIe and thus we will further identify MI* and MIe. 

Observe that if we condition MIj on being a simple fc-graph H, then MIe can be 
equivalently obtained by the following switching: (i) replace edge / by e; (ii) for each 
i = 1,..., s, choose, uniformly at random, an edge e* G H\{GU f) incident to Vi and 
replace it by (cj \ {uj}) U {ui} (see Figure]^. Of course, some of e^s may coincide. 
For example, if = • • • = , then the effect of the switching is that is replaced 

by (eq \ • • • ,'yii}) 0 {Mil, • • •,«*,}• 

The crucial idea is that such a switching is unlikely to create loops or multiple 
edges. However, for certain H this might not true. For example, if e G if \ (G U /), 
then the random choice of Cj’s in step (ii) is unlikely to destroy e, but in step (i) 
edge / has been deterministically replaced by an additional copy of e, thus creating 
a double edge. Moreover, if almost every {k — l)-tuple of vertices extending Vi to an 
edge in ii \ (G U /) also extends m* to an edge in ii, then most likely the replacement 
of Vi by Ui will create a double edge, too. To avoid such and other bad instances, we 
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say that H G TZf is nice if the following three properties hold: 


e^H (36) 

.max^degj^\(C'u/)(“*)^i) < (37) 

max codmcufi^i, Vi) < £2 + k loga n, (38) 

2=1,...,S 

where £i = Cird/n and £2 = C 2 T(P /are as in Claim|^ Note that Mj, conditioned 
on M/ G 7^/, is distributed uniformly over 7lcuf(n,d). Since we chose / such that 
by (32) is satished, we have that fc-graph G U / is admissible. Therefore by Claim 
we have 


P (Mf is not nice | M/ G 7^/) < 


Cord 


n 


k-l 




Cod + 2k e 

< 

j^k-l 4 


(39) 


where the last inequality follows by (15) with a = 1 and sufficiently large constant 
C. We have 


P (Me G 7^e) 
P(M/ G7^/) 


> p 


> p 


e € T^e I hd/ G 7?.j) 

e G T^-e I M/ is nice) P (M/ is nice | M/ G TZf). (40) 


It suffices to show that 


P (Me G 7?.e I M/ is nice) > 1 — e/4, (41) 

since in view of (|39|and ( |4l| , inequality (40) completes the proof of Claim 

Now we prove (|4T|. Fix a nice fc-graph H G TZf and condition on the event 
M.f = H. The event that Me is not simple is contained in the union of the following 
four events: 


£1 = { two of the randomly chosen edges ei,..., coincide }, 

£2 = { (ci \ Vi) U Mj is a loop for some i = 1,..., s }, 

T 3 = { (cj \ Vj) U Mj G if for some i = 1,..., s }, 

£ 4 , = { (ci \ Vi) Uui = (cj \ Vj) U Uj for some distinct i and j }. 

Event £i covers all cases when a double edge is created by replacing several vertices 

in the same edge. Creation of multiple edges in other ways is addressed by events £3 
and £4. 

In what follows we will several times use the fact that 


deg//\(Gu/)(^') > ^d/2 > ed/2, Wv G [n], (42) 
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which is immediate from (31) and r > e. To bound the probability of observe 


that, given 1 < f < j < s, the number of choices of a coinciding pair Cj = is 

the probability that both Vi and Vj actually 
select a fixed common edge is degjj\(^Guf)i'^j))~^■ Therefore using (42) 

we obtain 


P(^i 




^ “ i<lJ<,deg^,\(Gu/)(^^i)deg^\{Gu/)(^i) 

< V 1 

" i<^<. degH\(Gu/)(t'.: 


^ f ^ S' («> 


where the last inequality follows from (14) with a = 1/2 and sufficiently large C. 

To bound the probability of £ 2 ^ note that a loop in Me can only be created when 
for some i = 1,..., s, the randomly chosen edge e* contains both Vi and Ui. There are 


at most degfj\^^Q^jj'^{ui,Vi) such edges. Therefore, by (37) and (42) we get 


P(^2 


jj _ ^ ^ 2k[ii + fclog2n) 

i=l 


deg_H-\(Gu/) ('^i 


rd 


< 


2 kii 2k‘^ log 2 n 


rd 


ed 


2kCi 2k‘^ logon e 

n ed 16 


where the last inequality is implied by (14) with a = 1 / 2 , (16) and sufficiently large C. 

Similarly we bound the probability of £^ 3 , the event that for some i we will choose 
Ci E H \ {G U f) with (cj \ Vi) UUi E H. There are codniGufiui, Vi) such edges. Thus, 
by (38) and (42) we obtain 


P(^3 


H)<Y. 


codH\Gvjf{ui,Vi) ^ 2A;(£2 + A;log 2 n) 


^ deg^\(Gu/)(^^^) 


rd 


2 ki 2 2 /cMog 2 n 2 kC 2 d 2 k‘^\og 2 n e 

- TS + —s—- s (45) 


where the last inequality follows from (14) with a = 1/2, ( [l^ with a = 1 and 
sufficiently large C'. 

Finally, note that, given 1 < i < j < s, if a pair ei,ej E H \ {G U f) satisfies 
the condition in £4, then Uj E ei\vi and Cj = (e* \ {vi^Uj}) U {vj^Ui}. This means 
that Cj is uniquely determined by ei,Ui,Uj,Vi, and vj. Therefore the number of such 
pairs Ci, ej is at most degfj^Qyjf^{vi, Uj) < degfj^Qyjj-^{vi) and we get exactly the same 
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bound as in (43): 


P(^4 


degH\(Gu/)('^i) '>^j 


^ i<U<« deg^\(Gu/) (vi) degH\(Gu/) (vj) 


< y --— < —. (46) 


Combining (43)-(46) and averaging over nice H, we obtain ([4l|, as required. 


□ 


5 Concluding Remarks 


Theorem [^remains valid if we replace the random hypergraph (n, m) by (n, p) 
with p = (1 — 2j)dl (^ij), say. To see this one can modify the proof of Theorem jl as 
follows. Let Bn ~ Bin((”) ,p) be a random variable independent of the process (G(f))t. 
If < m < I S'!, sample G^^^(n,p) by taking the hrst Bn edges of S (which are uni¬ 
formly distributed over all fc-graphs with Bn edges). Otherwise sample G^^^(n,p) 
among fc-graphs with Bn edges independently. In view of the assumption (|^, Cher- 
noff’s inequality (see P (2.5)]) and (13) imply 


P(G(^Hn,p) ^ R^^\n,d)) < P (5„ > m) +P(|^| < m) ^ 0, as 


U —)■ CX). 


The lower bound on d in Theorem is necessary because the second moment 
method applied to G^’^\n,p) (cf. Theorem 3.1(ii) in P) and asymptotic equivalence 
of G^^\n,p) and G*^^^(n, m) yields that for d = o(logn) and m ~ cM there is a 
sequence A = A{n) 3> d such that the maximum degree G^^\n,m) is at least A 

a.a.s. 

In view of the above, our approach cannot be extended to d = O(logn) in part ([i]) 
of Theorem]^ Nevertheless, we believe (as it was already stated in P) that for loose 
Hamilton cycles it suffices to assume that d = f2(l). 


Conjecture 1. For every k > 3 there is a constant dk such that if d > dk, then a.a.s. 
R^’^\n,d) contains a loose Hamilton cycle. 

We also believe that the lower bounds on d in parts 0 and 
of optimal order. 

Conjecture 2. For all integers k > i>2 if d , then a.a.s. M*'^^(n, d) is not 

£-Hamiltonian. 


(hi) of Theorem p 


are 


Acknowledgements 

The authors would like to thank the anonymous referees for careful reading of the 
manuscript and numerous helpful suggestions. 


21 










References 


[1] P. Allen, J. Bottcher, Y. Kohayakawa, and Y. Person. Tight Hamilton cycles in 
random hypergraphs. Random Structures Algorithms, 46(3):446-465, 2015. 

[2] B. Bollobas. Random graphs, volume 73 of Cambridge Studies in Advanced Math¬ 
ematics. Cambridge University Press, Cambridge, second edition, 2001. 

[3] C. Cooper, A. Frieze, and B. Reed. Random regular graphs of non-constant 
degree: connectivity and Hamiltonicity. Comhin. Probab. Comput., 11(3):249- 
261, 2002. 

[4] A. Dudek and A. Frieze. Loose Hamilton cycles in random uniform hypergraphs. 
Electron. J. Combin., 18(l):Paper 48, pp. 14, 2011. 

[5] A. Dudek and A. Frieze. Tight Hamilton cycles in random uniform hypergraphs. 
Random Structures Algorithms, 42(3):374-385, 2013. 

[6] A. Dudek, A. Frieze, P.-S. Loh, and S. Speiss. Optimal divisibility conditions for 
loose Hamilton cycles in random hypergraphs. Electron. J. Combin., 19(4):Paper 
44, pp. 17, 2012. 

[7] A. Dudek, A. Frieze, A. Rucihski, and M. Sileikis. Loose Hamilton cycles in 
regular hypergraphs. Combin. Probab. Comput., 24(1):179-194, 2015. 

[8] A. Frieze. Loose Hamilton cycles in random 3-uniform hypergraphs. Electron. 
J. Combin., 17(l):Note 28, pp. 4, 2010. 

[9] S. Janson, T. Luczak, and A. Rucihski. Random graphs. Wiley-Interscience Series 
in Discrete Mathematics and Optimization. Wiley-Interscience, New York, 2000. 

[10] M. Karohski and A. Frieze. Introduction to Random Craphs. Cambridge Univer¬ 
sity Press, 2015. Available at http://www.math.cmu.edu/~aflp/Book.htnil, 

[11] J. H. Kim and V. H. Vu. Sandwiching random graphs: universality between 
random graph models. Adv. Math., 188(2):444-469, 2004. 

[12] J. H. Kim and V. H. Vu. Generating random regular graphs. Combinatorica, 
26(6):683-708, 2006. 

[13] M. Krivelevich, B. Sudakov, V. H. Vu, and N. C. Wormald. Random regular 
graphs of high degree. Random Structures Algorithms, 18(4):346-363, 2001. 

[14] B. D. McKay. Asymptotics for symmetric 0-1 matrices with prescribed row sums. 
Ars Combin., 19(A):15-25, 1985. 


22 



[15] B. D. McKay and N. C. Wormald. Asymptotic enumeration by degree sequence 

of graphs with degrees Combinatorica, ll(4):369-382, 1991. 

[16] R. W. Robinson and N. C. Wormald. Almost all regular graphs are Hamiltonian. 
Random Structures Algorithms, 5(2):363-374, 1994. 

[17] A. Steger and N. C. Wormald. Generating random regular graphs quickly. Corn- 
bin. Probab. Comput., 8(4):377-396, 1999. Random graphs and combinatorial 
structures (Oberwolfach, 1997). 

[18] N. Wormald. The degree sequence of a random graph. Technical Report 22/2016, 
Oberwolfach Research Institute for Mathematics, 2016. 


23 



